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Abstract--Consider the delay difference equation 
xw.+l - -  X-n "~- pnx~(n) = O, n = O, 1, 2 , . . . ,  
where r : N --~ Z, r(n) < n for n E N and limn--co r(n) = co, {Pn} E R. Some xistence results 
of positive solutions and oscillation criteria for this equation are obtained. (~) 1998 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
Recently, there has been an increasing interest in the study of the oscillatory behavior of the 
solutions of the delay difference quation 
Axn+pnxn-k=O,  n = 0,1 ,2 , . . . ,  (1) 
where {Pn} is a real sequence, k is a positive integer, and A xn = xn+l  - xn.  
ample, [1-8]. 
As in [1], equation (1) can be a discrete analogue of the differential equation 
See, for ex- 
x ' ( t )  + p( t )x ( t  - a) = O, 
where a > 0 is a constant. In applications, one sometimes considers delay differential equations 
with a variable delay of the form 
x ' ( t )  + p(t)x(cr(t)   = O, (2) 
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where a E C(R+,R+) ,  a(t) < t, and limt-~ooa(t) = co. The oscillation of solutions of (2) has 
been investigated systematically in [9,10]. 
In this note, we consider a difference quation with a variable delay of the form 
xn+l - Xn + pnxr(n) = O, n = 0 ,1 , . . . ,  (3) 
where pn E R. Equation (3) is a discrete analogue of equation (2). Let N = {0, 1, . . .  } and Z = 
{. . . ,  -1 ,0 ,  1,. . .  }. For equation (3), we always assume that the following hypothesis, designated 
by (H), hold: 
(i) T :N~Z,  
(ii) T(n) < n for n • N, and T(n) >_ 0 for n _> T-I(0) = min{m IT(m) > 0}, 
(iii) limn--.c~ T(n) = CO. 
For example, we see that v(n) = n - k, where k is a positive integer v(n) = [n/2], where [.] 
denotes the greatest integer m <_ n/2  and T(n) = n --j3(n) < n, where 13(n) ~ co and r(n) --* co 
as n ~ co, satisfy condition (H). Clearly, the assumption (H) is similar to the corresponding 
assumptions for equation (2). Therefore, (3) includes difference quations with unbounded elay. 
To the best of our knowledge, there are no results for the existence of positive solutions of 
difference quations with unbounded elay. 
By a solution of (3), we mean a sequence {xn} which is defined for n > ~-(0) and which 
satisfies (3) for n _> 0. A solution {xn} of equation (3) is said to be oscillatory if the terms xn of 
the solution are neither eventually all positive nor eventually all negative. Otherwise, the solution 
is called nonoscillatory. 
In this paper, we present some sufficient conditions under which all solutions of (3) oscillate 
and sufficient conditions for the existence of positive solutions of (3). 
For the sake of convenience, we introduce the following notations. Let 
( : - -T (n ) )  n-'r(n)+l 
an = n = 1, 2, 
n r (n)  + 1 . . . .  ' 
T°(n) = n, Tin(n) = T (Vra- l (n)) ,  m---- 1 ,2 , . . . ,  (4) 
T- I (n )  = min{m [ T(m) > n}, n = 0 ,1 , . . . .  
Since f (x )  = x/ (1 + x) l+x is increasing in x on (0, co), and f (x )  ~ l ie  as x --~ co, we can easily 
prove that 1/4 < an < l/e,  for n > 0. 
Throughout this paper, we assume that J l-In=i p,~ -- 1, if i > j.  
Let {An}, n -- -1 ,  0 , . . . ,  be a positive sequence. We define a sequence {Bn}, n -- T(O), T(O) ÷ 
1, . . . ,  as follows: 
An-1 
B~(0) = B~(0)+I . . . . .  B-2 = 1, B-1 = A- l ,  and Bn-1 = n-2 , for n >_ 0. 
1-a=~(n) Bi 
n--1 It is easy to see that Bn > 0 for n _> T(0), and An-1 = I-Ii=~.(n)Bi for n _> 0. In particular, if 
T(n) = n -  1, then Ai = Bi, i = -1 ,0 , . . . .  
On the other hand, suppose that {Bn}, n = v(0), T(0) + 1,. . .  is a positive sequence. Then we 
rt--1 can define a positive sequence {An}, n = -1 ,0 , . . . ,  by An-1 = ~i=r(n) Bi, for n = 0, 1 , . . . .  
2. MAIN  RESULTS 
THEOREM 1. Assume that (H) holds. Furthermore, assume that there exists a positive sequence 
{An}, n = -1 ,0 , . . . ,  such that 
1 - p+Ai-1 > O, for 0 _< i < T-l(0),  (5) 
n--1 
An-1 H (1 -p+Ai - ' )  ->1' fo rn>~' - l (O) ,  (6) 
i=~(n) 
where p+ = max{0,pn} for n >_ O. Then (3) has a positive solution. 
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PROOF. Let {Bn} be defined as in Section 1. We will show that the nonlinear difference quation 
n-1 
w--~-l+p- II &=o, 
Bn wj j='r(n) 
n = 0 ,1 , . . . ,  (7) 
has a positive solution. 
Let 
min B~ (1 -p+A~-I)  = c and 
o<i<r-l(o) 
Then from (5), we have c > 0. Let a = max(l/c, 1) and 
0 = r- l (O) - 1. 
Zv(O) = Z~.(O)+ 1 . . . . .  Z_ 1 = a ° >_ 1, (s) 
and 
Zn = Bn 1 -Pn  
j=~(n) 
We claim that, for n • [0, T-l(0)), i.e., r(n) < 0, we have 
for n >_ 0. (9) 
Zn_ 1 > 0 and Zn- lZn-2, . . . ,z~.(n)  > 1. (lo) 
In fact, if r(1) < 0, i.e., 1 • [0, T-X(0)), then from (5), (8), and (9), 
-1 
zo= B°(1 -po  1-I -~j) >-B° (1 -p+A-1)  >0,  
j=r(o) 
o ( -H 
I I  zi >_ zoz, o) = Bo l -p0  Zr(1) _> Bo(1-p+A_ I )  Z,(1) >_ ca ° >_ 1. 
i='r (1) j=r(0) I ] 
If r(2) < 0, i.e., 2 • [0, T-l(0)), then from (5), (8), and (9), 
~1--B1 1-pl  I I  ~ ___ B, (1- ptAo) > O, 
i=r(1) 
z lzo, . . . ,  :,(~) >_ ~:o:~(~) >_ B1 (~ - pCAo) Bo (I - po+A_i) :.(~) > ~o _> L 
In general, for any n • [O,r-1(O)), (10) holds. Hence, if n = r-l(o), i.e., r(n) >__ O, then from 
(9), (10), (5), and (6), we have 
Zn-1 = Bn-1 1-pn-1 II Bj 
j='r(n-1) 
n--1 n--1 / i-1 S ~ 
p~ H ~j / I I  z,--  1-I B, 1 -  - - z .  
i=r(n) i=~(n) j=~(i) 3 ] 
>_ A~_~ [ I  1 -  p,+ zj 
i=~(n) \J=~(0 
Assume that for some fixed n > T-l(0), we have 
+ A > Bn-1 (1 -Pn -1  ~-2) > 0, 
i--1 / n--1 
I I  Bj >_Ao_I I ]  (1-p~+A,_i)>_l. 
J=~(0 i=~(,0 
zm- l>0 and Zm-1,.. . ,Z~(m)>_l, for all m <: n. (11) 
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Then, in view of (9) and (6), we have 
z,= Bi 1 -p i  H ~ > f i  Bi l -p+ H B j 
i=r (n+l )  i=r (n+l )  j=r( i )  i=r (n+l )  j=r ( i )  ] 
= H S i (1 -p tA i -1  ) = An (1-p+Ai_x) _> 1. 
i=r(n+l) i=r(n+l) 
By (11), Zn-l,Zn-2,... ,z~-(n+l) > 
{Zn} is a positive solution of (7). Define 
0, so Zn > 0. By induction, z,~ > 0 holds for all n > 0. Hence, 
Zn-- 1 
X~(o) = 1 and x~ - Bn-1 x,-1,  n _> r(0) + 1. (12) 
Then Xn > 0, for all n > r(0). From (7), we obtain 
n-1 Xn+l 1 4-Pn H xj = O, Xn X j-t-1 j=r(n) 
equivalently, 
xn+l 1 4-Pn Xr(n) = 0, for n _> 0, 
Xn Xn 
i.e., {xn} defined by (12) is a positive solution of (3). The proof is complete. 





where p+ = 0 for j < O. Then (3) has a positive solution. 
PROOF. Let An = # > 0, (6) becomes 
n--1 
# H (1 -#p+)  -> 1, forn>_0. (14) 
j=r(n) 
By a well-known inequality, we have 
# I-I ( 1 -#p+) -># 1-  
j=~(n) ) 
Taking # = 2 and noting (13), we have 
n--1 ( ] l ,  jn-=~rl(npj_) (2 )  
# H (X - "P+)  ->" 1 -  _>2 1 -  =1,  
j=r(n) ) 
i.e., the conditions of Theorem 1 are satisfied. 
REMARK 1. In the following, we will show that for the special case r(n) = n -- k, Theorem 1 
includes ome known results. 
Gy6ri et al. [3, Theorem 7.8.1] obtain that if there exists a # E (0, 1] such that 
- 1 +p+#-k  <_ 0, j = 0 ,1 , . . . ,  (15) 
then (3) has a positive solution. 
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Assume that (15) holds. Let An - #-k for n > -1.  Then 




#k< H (1 -p+#-k) ,  
i=n-k  
for n >_ k, 
n-1 
An-1 H ( 1 -p+Ai -0>I '  n>k.  
i=n-k  
Hence, (5) and (6) hold. Therefore, (15) is a special case of our conditions (5) and (6). 
Recently, Li [7] obtain that if there exists a positive sequence {Bn}n>_-k such that 
n--1 / 
Bn 1 - p+ H S~ >_ 1, 
i=n-k  
n > 0, (16) 
then (3) has a positive solution. 
We claim that (16) implies (5) and (6) hold. 
from (16), 
n--1 
1-p+An- I= I -P+ H B,>0,  
i=n-k  
and 
n--1 In fact, let An-1 = [L=n-kBi for n > 0, 
fo r0<n<k,  
An- ,  (1 - p+Ai_0 = Bj 1 -p  + _> 1, n _> k, 
i=n-k  j=n-k  i=n-k  l 
i.e., (5) and (6) hold. 
Therefore, Theorem 1 includes the corresponding results in [3,7] for the case  T(n)  = n - k. But 
Theorem 1 also is available for (3) with unbounded elay. 
EXAMPLE 1. Consider the difference quation 





if n is odd, 
if n is even. 
It is easy to see that max~e(0,1](1 - #)#k = Condition (15) implies that p+ <_ (1 - #)#k.  
kk/((k + 1)k+l). For equation (17), k = 2 , max~e(0,i](1 - #)it 2 = 4/27, and p+ -- 1/4, if j is 
odd, p+ = 0, if j is even. Therefore, there does not exists a tz c (0, 1] such that (15) holds. 
Let An = 2, n = -1 ,0 ,1 , . . . ,  then 
1 --pjb2 > 0, 0 ~ j < T--l(0) = 2, 
and n--1 
An-1 r I  (1 -p+Aj -1 )  =1,  j>_2, 
j=n-2 
i.e., the hypothesis of Theorem 1 are satisfied. By Theorem 1, (17) has a positive solution. 
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EXAMPLE 2. Consider the difference quation 
Xn+l - Xn + pnx~.(n) = O, n > O, (18) 
where T(n) = In/2]-  1 for n > 0, [.] denotes the greatest integer m < n/2, and Pn = 1/(8(n + 1)), 
for n > 0. 
Clearly, T(n) satisfies (H). According to the definition, T-l(0) = 2. I fn  = 2k, k = 1, 2 , . . . ,  then 
~",n-- 1 _+ ~'-~2k- 1 T(n) = k-1  and z_,~=~-(n) P~ = L-,~=k-lP~ = 1/811/k+l/(k + 1)+.. .+1/2k]  _< 1/4. I fn  = 2k+l ,  
n-1 2k 
= -- = Y~i=k_l(1/8(1 + i)) <_ 1/4. Hence, p+ < 1/4, for then r(n) k 1 and Y~i=r(n)p + n-1 ~=~(~) - 
n > T-I(0). By Corollary i, (18) has a positive solution. There are no known nonoscillation 
criteria which can be applied to (18). 
The following results provide sufficient conditions for (3) to be oscillatory. 
THEOREM 2. Assume that (H) holds, and Pn >-> 0 eventually. Furthermore, assume that 




(ii) liminf Z Pi >- .  (20) 
n--+OO e i=~(~) 
Then every solution of (3) is oscillatory. 
PROOF. Suppose to the contrary, that {Xn} is an eventually positive solution of (3). Then there 
exist two positive integers M and N and a small positive number e0 such that v(n) _> M, for all 
n >_ N >_ M, xn > O, Pn >- 0, for all n _> M, and n-1 ~"]~i=r(n) Pi > 1/e + e0 for n > N. From (4), we 
have an < 1/e. Let r = (1/e + eo)e. Hence, for n > N, we have 
n-1 
Z P--~>r>l.  (21) 
an i=~-(n) 
There exists N1 > N such that r(n) >_ N, for all n _> N1. Hence, Pn >_ 0 and Xr(n) > 0, for all 
n _> N1. From (3), {Xn} is nonincreasing for n > N1. There exists N2 > N1 such that T(n) >_ N1, 
for all n _> N2. Therefore, 
Xr(n) > 1, for all n > N2. (22) 
Xn 
From (3), we have 
Xn+l - 1 - Pn Xr(n), 
Xn 
There exists a positive integer N3 > N2 
have 
n-1 n-1 ( X'r(i) ~ 
X_....~_n = H X i+___~l = 1~ 1--pi 
Xr(n) i=r(n) Xi Xi ] /=r(n) 
n--1 [ 
--- 1] 1 
i=r(n) 
Using the inequality x(1 - x) k < kk /( (1 
Xr(n)xn >- (1 
> 
n > M. (23) 
Xn 
such that T(n) >_ N2, for all n > N3. In view of (21), we 
n-~(n) 1 k J  n-1  ] 
vtn ~ Z Pi , fo rn>N3.  n 
~=~(n) J 
+ k)1+k), x E (0, i), and the last inequality, we have 
1 n-1 ~ -(n-r(n)) 
n -  T(n) Z Pi ) i=r(n) 
n-lz Pi (n--  7"(n) + l )  - _ -~  
i=T(n) 
r~- - I  
Z P-J->_r, for n > N3, 
i=r(n) an 
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i.e., x~(n)/x,~ > r, n > N3. There exists N4 > N3 such that  T(n) > N3 for n _> N4. Hence, for 
n > N4, we have 
Thus, 
n--1 n--1 _ I n--1 Pil xn - H ( i -p iX" i '~  <_ l~  (1 - rp , )< 1 r 
i-~(~) / 
n--1 (n_T(n)+ l)n-r(n)+l 
i.~'r(n) 
By induction, we obtain 
x~(n) >_ rk ' for n >_ Nk+2, k = 1 ,2 , . . . .  
Xn 
n-r(n) 
for n > N4. 
On the other hand, from (23), x~(n)/xn < 1/p,~, and Condition (i) implies that  l iminfn-.oo 
x~(n)/xn exists. Hence, we obtain a contradiction. The proof is complete. 
REMARK 2. If  T is nondecreasing, then Condition (i) in Theorem 2 can be omitted. 
In fact, if T is nondecreasing, by [8, Lemma 1], xr(n)/xn is bounded, which implies that  
Theorem 2 is true. 
Now we consider (3) together with 
Yn+l -- Yn + qnY~(n) ---- 0. (24) 
m 
THEOREM 3. I f  0 < Pn <-- an and ~-~i=o Pi > 0 for m C {i I 7(0) < T(i) < 0}, and (24) has a 
positive solution {yn}n~=r(o), then (3) has a positive solution on [r(0), CO). 
PROOF. By the hypothesis, we have 
Yn+I - Yn + PnYr(n) <-- 0, n _> 0. 
Summing the above inequality, we have 
oo 
Yn >- Z PiY~(i), n >_ O. 
i=n 
Consider the Banach space l~ °) of all bounded real sequences y = {Yn} with sup norm IlY]I = 
supn>r(0) lYnl. We define a subset S in l~ °) by 
= l 0): 0 < xn _< yo, > S 
L ) 
and an operator  T : S -* l~  °) as follows. For x E S, 
( ~-~i=n PiXT(i) 
Txn = 
L Yn, 
It  is easy to see that  TS C S. 
Define 
It is easy to see that  
n>0,  
7(0) < n < 0. 
x(n °) = Yn, n > 0, 
x(i+D = Tx(i) n > 0, i = 0, 1, 
?2 r$  ' - -  ' " "  ' 
O<'r(i+l) <x(~ ) <yn, n>O, i=O,  1, 
Hence, limi--.oo x~ ) -- * exists for n > 0. Since x n = Yn > 0, T(0) < n < 0, we have X n - -  
OO 
Xn* = ~ PiX*(i ) > O, n >_ O, 
i=n 
i.e., {xn}, is a positive solution of (3) on n > 0. The proof is complete. 
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